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Probabilistic Structural Analysis to Quantify Uncertainties
Associated with Turbopump Blades

Vinod K. Nagpal* and Robert Rubinsteint
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and

Christos C. Chamist
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A probabilistic study of turbopump blades has been in progress at NASA Lewis Research Center for over the
last three years. The objective of this study is to evaluate the effects of uncertainties in geometry and material
properties on the structural response of the turbopump blades. The eventual purpose is to evaluate the tolerance
limits on the design. A probabilistic method has been developed to quantify the effects of the random uncertain-
ties. The results of this study indicate that only the uncertainties in geometry have significant effects on the
structural response from among the variables included in the analyses.

Introduction

EOMETRY and material properties are generally consid-

ered deterministic when designing or analyzing structural
components. In fact, geometry, material properties, and load-
ing are uncertain. These uncertainties, random in nature, can
be considered as variables, which are often conservatively ac-
counted for in the design by a factor of safety. It is true that
these uncertainties are small in magnitude, but they sometimes
have a significant effect on the performance of critical compo-
nents such as turbine blades. Therefore, it is very important to
quantify their influence on the structural response.

The initial purpose of this study is to develop a methodol-
ogy to quantify the influence of these random variations on
the performance of structural components (uncertainties). A
second purpose is to apply this methodology to quantify un-
certainties in geometry, material properties, and loadings. The
component selected for the study is Space Shuttle Main Engine
(SSME) turbopump blade (Fig. 1). As a first phase of the
study, variations associated with geometry and material prop-
erties have been investigated. Quantifying the influence of
varijations in the loadings is underway and will be reported in
the near future.

Many studies have demonstrated that probabilistic analysis
methods for components under random loading are more reli-
able than deterministic approaches. Probabilistic methods
have been predominantly used in fatigue, fracture mechanics,
and structural reliability analyses under random vibrations.!-*
Particularly in fatigue, improvements in estimating fatigue life
ranged up to several hundred percent in comparison to a
widely used deterministic approach.® Because of the potential
of probabilistic methods, their application has been accepted
in other fields of engineering in recent years. These fields in-
clude input loading, finite elements, and metallurgy. A proba-
bilistic approach to develop a composite loading for SSME
components is underway at the Battelle Laboratories,” and has
been discussed by Shinozuka and Tan® and Lin.® Other studies
using probabilistic finite-element methods have been briefly
reviewed by DasGupta.'® A variational approach for develop-
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ing the probabilistic finite elements is under development by
Belytschko.!! The usefulness and importance of the proba-
bilistic approach, especially for turbopump blades, has been
summarized by Chamis.!?

The influence of the variations associated with geometry
and material properties in this study were quantified by simu-
lation. All the experimental runs were simulated on a com-
puter. No real experiments were performed. Conducting
experiments for such studies is extremely complex and expen-
sive, and in some cases, impossible even with start-of-the-art
methods.

Analysis Procedure

The influences of random variations in geometry and mate-
rial properties have beén studied by modifying and using a
NASA-Lewis finite-element code known as STAEBL (Struc-
tural Tailoring of Engine Blades). STAEBL modeled the air-
foil of the turbopump blade with 80 triangular shell elements
consisting of 55 nodes. The blade dimensions are 1.25 X 1.00
% 0.25 in. A typical blade geometry is shown in Fig. 1. The
Monte Carlo simulation technique was used in this study.

The influences of random variations, both in geometry and
material properties, were quantified in terms of variations in
structural response of the blade. The structural response of the
blade was characterized in terms of three variables: the first
three natural frequencies, stress at the fixed end (root stress);
and lateral blade tip displacements. The first three natural fre-
quencies were considered sufficient for the methodology de-
velopment.

Airfotl
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Fig. 1 Typical turbine blade geometry.
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Fig.2 Perturbed geometry (exaggerated).

Geometry uncertainties were simulated by randomly per-
turbing the nodes of the finite-element mesh. Geometrical co-
ordinates of each node were perturbed with the help of ran-
dom numbers generated from a computer. The maximum
perturbation magnitude was limited to 10% of the original
magnitude. This perturbation was performed in all three (x, y,
and z) directions. A sample plot of the perturbed geometry is
shown in Fig. 2. ’

Material-property uncertainties were simulated by per-
turbing the elements of the material-property matrix for each
finite element. Since the blade was very thin and the property
matrix is symmetrical, only six components, which are related
to in-plane directions, were perturbed. The maximum pertur-
bation was once again limited to 10% of the original values.
The maximum perturbation of 10% was justified by previous
experience and experiments. In perturbing the properties, nor-
mally distributed uncorrelated random numbers were used.

To determine the influence of interactions, geometry and
material properties were perturbed simultaneously. The rea-
son this study was performed in three simple steps was to elim-
inate the insignificant variables which otherwise would have
made the study unnecessarily complex.

This is the first part of the three-part study. In this part,
only uncorrelated randomness in geometry and material prop-
erties have been studied. Random variation in these two vari-
ables can be uncorrelated or correlated depending upon the
manufacturing process, machines, and working personnel.
The second part of this study will include correlated random
variation. The third part will deal with randomness in loading.
The loading in the first part of the study is centrifugal, repre-

senting the cruise speed of the space shuttle.

A factorial design,!? rather than a parametric approach, was
selected to perform this study. This design is considered eco-
nomical when the influence of more than two variables is to be
determined either experimentally or using simulation. A large
number of unnecessary tests or simulation runs can be elimi-
nated. This design helps to identify insignificant variables,
thereby reducing the computation cost and complexity of the
study. Another advantage is that this design provides the op-
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Fig.3 Factorial design for three variables.
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tion of widening the magnitude range of the variables by al-
lowing the additional tests outside the preselected ranges. A
factorial design for three variables is illustrated in Fig. 3. The
limitation of the design is that the resuits, or the models devel-
oped using these results, are only applicable within the range
covered by the design. In the parametric approach, one vari-
able is varied at a time. The number of test runs needed to
perform such studies using parametric approach is enormous.

For the present study, the number of variables was six. The
variables for the geometry study were three means and three
standard deviations of the perturbations along the three direc-
tions. The means were represented by p, py, and ps3, and the
standard deviations by oy, 03, and o;. For the material study,
the six variables are the standard deviations of the perturba-
tions property-matrix components. These standard deviations
are represented by o -o. . The variables in the combined
study are the standard deviations of the dominant six variables
out of the geometry and material-property studies. They are
the standard deviations of the perturbations of coordinates
represented by ¢;-03 and the standard deviations of diagonal
terms of the material-property matrix represented by o, , o.,,,
and o,,.

Model and Probability Distribution

Probabilistic models were developed for all response vari-
ables for each part of the study using regression analysis. Co-
efficients and their standard deviations for each of the study
variables were estimated. Using standard deviations and ¢
tests, it was determined whether a given variable was signifi-
cant or not. After all the models were developed, F tests and
x2-square tests were also used. These tests provided goodness-
of-fit of the models and a measure of randomness of the resid-
uals. Models were selected based on these tests. These models
are of the form:

Y=g+ aVi+aVa+asVs+ - + oV,

where Y is a response variable, aq,-*-,a, are the coefficients,
and V),---, ¥, are the variables of the study. The residuals of
the model were plotted and their autocorrelations were plotted
before a model was finally selected or rejected. A sample plot
of the residuals for one of the models is shown in Fig. 4. This
plot indicates that the residuals are randomly distributed.
Probability distributions for all of response variables were de-
veloped for selected simulated runs by replicating them a large
number of times. Every replication used different random
numbers for perturbations.

Results and Analysis

A methodology to perform probabilistic structural analysis
has been developed. It can be used to quantify the influence of
random variations or uncertainties in the structural variables
on the performance of a given component. The methodology
was developed using computer simulation of test runs. Simula-
tion not only reduced high costs and complexity of experimen-
tation, but it shortened the time of developing the results. The
results reported in this study, as mentioned before, are all
computer-simulated results. The magnitudes of the coeffi-
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cients a, on,-*+,a, for geometric variables, material-property
variables, and cross terms (interaction terms) are listed in Ta-
bles 1, 2, and 3, respectively.

The significance test (¢ test) of the coefficients in Table 1
indicated that only variance of the perturbations along the
thickness is significant. It is because variation in thickness has
an exponential effect on stiffness. The same conclusions were
reported by Belytschko and Liu.!! The perturbations along the
other directions are insignificant and should be considered in-
significant while setting the tolerances. The probable reason
that these perturbations are insignificant is that they are rela-
tively small in magnitude. Although F tests showed that all the
models are good fits, they are not the desired models since
they include insignificant variables. A model using the signifi-
cant variable alone was also developed (not shown here). This
model predicted estimates close to the actual values and was
found to be a good fit.

Probabilistic distributions of all of the response variables
were obtained based on 120-500 simulated replications. Figure
5 shows the probability distributions of the first natural fre-
quency, and Fig. 6 shows the probability distributions of root
stress. These distributions provide estimates of two items: 1) a
range of variation of a variable for any given random varia-
tion in the geometric variables, and 2) probability of occur-
rence of a response variable. This information is valuable to
the designer in the adjustment of the design tolerance limits. If
the range does not include any critical value, the tolerances
can be relaxed. This will reduce manufacturing cost. These
estimates can be further improved if the number of replication
is increased.

Significance tests were performed on the coefficients of the
material-property model (Table 2). These tests indicated that
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Fig. 4 Random distribution of residuals.

Table 1 Probabilistic models®-—geometric perturbations

Model: Dependent variable = Constant + Coeff.* u; + Coeff.* pa + Coeff.* u3 + Coeff.* g1 + Coeff.* a3 + Coeff.* o3

Coefficients of

Dependent variable Constant #1 2 B3 o1 o2 o3

First frequency 6105.0 —832 —2915 —687 —8362 1897 ~9348
Second frequency 9475.1 -1374 —2961 —408 —11398 —3869 —-9095
Third frequency 15792.0 ~9434 27592 —7944 —17663 —4899 —44147
Root stress 63323.0 49707 103320 4177 88960 —~48191 283960
Tip displacement 0.00196 0.0119 0.1287 0.0206 —0.0132 —0.0419 0.0067

8F tests indicated that all models are good fits.
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Table 2 Probabilistic models®—material-properties perturbations (different blade properties)

Model: Dependent variable = ¥ = Constant + Coeff.;* Cy; + Coeff.2* Cin + Coeff.3* Cy3 + Coeff.4* Caz + Coeff.s* Co3 + Coeff.6* Ca3

Coefficients of

Dependent variable ¥ Constant Ci Crz Cis Cxn Cx Cs3
First frequency 4769.7 —239.1 —64.1 —55.1 ~69.0 63.2 47.1
Second frequency 5501.9 —342.6 —-25.5 —-96.7 —250.7 110.4 52.2
Third frequency 9653.0 —788.6 —-0.8 —61.5 —909.6 185.7 —63.6
Root stress 97673.0 498.0 —4001.0 ~1336.0 —9962.0 —12154.0 16701.0
Tip displacement 1 0.0121 0.0031 0.0004 0.0001 0.0011 0.0005 0.00133
Tip displacement 2 0.0113 0.0029 —0.0006 0.0008 0.0008 0.0004 0.00133
Tip displacement 3 0.0012 0.0023 —0.0004 0.0001 0.0003 0.0007 0.0010

2F tests indicated that the models are not good fits.

Table 3 Probabilistic models®®—geometric and material perturbations together

Model: Dependent variable Y = Constant + Coeff.; a1 + --+ + Coeff.¢ 033 + -+ + Coeff.21 633 0633

Coefficients of

Dependent variable Y Constant o1

o2 g3 9Cyy 9Cy) 0C33
First frequency 6185.67 —336.2 320.6 —1588.1 —60.82 -~15.37 —44.90
Second frequency 8901.47 146.00 —299.00 —524.00 —40.10 —68.4 —70.30
Third frequency 15267.0 17.40 —2307.00 —12324.00 -79.70 ~294.00 —106.00
Root stress 85450.0 ~25410.0 —39280.0 ~80.0 —2080.0 -3260.0 -~1920.0
Tip displacement 1 —1.66 —-0.97 3.29 -3.05 -0.05 0.14 -0.11
Tip displacement 2 2.04 1.46 1.99 1.20 —-0.12 -0.12 0.09
Tip displacement 3 -3.14 —-2.31 -2.20 0.70 —0.16 0.12 ~0.19

tCoefficients of all cross terms (not shown) and material property were insignificant.
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Fig. 5 Estimated probability distribution of first natural frequency
—geometry perturbation.
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Fig. 6 Estimated probability distribution of root stress—geometry
perturbation.

all of the coefficients are statistically insignificant. This means
that variation in material properties within 10% did not have
any significant influence on the response variables. Belytschko
and Liu!! reported the same findings. The variations of the

*Tip displacements coefficients to be divided by 1000.
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Fig. 7 Estimated probability distribution of first natural frequency
—materials-properties perturbation.

response variables are truly random. In other words, these
variations can be modeled as white noise. Therefore, con-
trolling the material-property variations would not necessarily
give desirable response. The distribution of all of response
variables corresponding to the variation in material properties
were obtained. A sample plot of the variation in the first nat-
ural frequency is shown in Fig. 7. This distribution provides
estimates of the range and variations in the first natural fre-
quency. The three histograms (distributions) included in this
paper are a part of a large number of histograms developed in
this study.

Significance tests were also performed on the coefficients
(Table 3) of models developed to estimate the effects of inter-
actions. These tests indicated that all of the interaction effects
are statistically insignificant. This means that response to
simultaneous variation in geometry will not be affected by
simultaneous variation in material properties.

The statistical analysis was used to eliminate any insignifi-
cant variables from the study. Since this part of the main study
is continuing, these interim conclusions help to reduce com-
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puter costs. Work is continuing in developing higher-order
models; these models include estimating variances of the re-
sponse variables. Some interesting results have been obtained.
These will be published in the near future, along with the re-
sults from other parts.

Future Work

This study is being continued. The future work includes de-
termining the influence of correlated random variation in ge-
ometry, material properties, temperature, pressure, and other
loadings. The other loadings include random pulse loading,
thermal loading, and random loading in elastic and inelastic
ranges.

Conclusions

1) A methodology has been developed to quantify the influ-
ence of random variations or uncertainties in the geometry,
material properties, and loadings on the response variables.
This methodology provides answers which may be used as a
guideline to set the tolerance limits for design purposes.

2) Within the limitations of this pilot study, it was found
that random variations or uncertainties in geometry have
statistically significant influence on the response variables.
Therefore, tolerance limits should give due consideration to
geometric variations along thickness.

3) Within the limitations of this pilot study, random varia-
tions or uncertainties in material properties have statistically
insignificant effects on the response variables. Therefore, tol-
erance on material-property variations need not be precise.

4) The methodology can be used for identifying the in-
significant variables.

5) The methodology is generic in nature and can be ex-
tended to the analysis of the other structural components.
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